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S ■ ABSTRACT 

BPS representations of 5- dimensional supersymmetry algebras are classified. 
For BPS states preserving 1/2 the supersymmetry, there are two distinct classes of 
multiplets for = 4 supersymmetry and three classes for N = 8 supersymmetry. 
For = 4 matter theories, the two 1/2 supersymmetric BPS multiplets are the 
massive vector multiplet and the massive self-dual 2- form multiplet. Some appli- 
cations to super- Yang-Mills, supergravity and httle string theories are considered. 



Representations of supersymmetry carrying central charges have been exten- 
sively studied; see e.g. [1]. The purpose of this note is to clarify some of the 
issues that arise in 4+1 dimensions, improving on some misleading statements in 
the literature, and to classify the possible BPS multiplets. Some standard results 
are recovered, but some unexpected features are found, such as the existence of 
three distinct possible representations for massive BPS states in N — S theories 
preserving 1/2 the supersymmetry. 

The N = 2n extended superalgebra in 4+1 dimensions with scalar central 
charges has automorphism group Sp{n) = USp{2n) and the anti-commutator 

{g« , Q^} = n-\r^c)^^PM + c^^iz^' + n-'K) (i) 

Here a — 1, . . . , 4 are spinor indices and a — 1, . . .N are Sp{n) indices, Cq,^ is 
the charge conjugation matrix and QP'^ is the symplectic invariant of Sp{n). The 
supercharges are symplectic Majorana spinors satisfying 

(g)- = c-PQabQ'p (2) 

The central charges satisfy Z""^ = —Z^^ and ilabZ"'^ = 0. This can be gener- 
alised by adding 1-form and 2-form central charges which are carried by 1,2,3 and 
4-branes [2]. In the following, it will be useful to define 

^ ^ab ^ ^abj^ (3) 

In super- Yang-Mills theories and in = 8 supergravity, the charges Z'^^ are 
electric charges while K is carried by solitons in 4+1 dimensions that arise from 
lifting instantons in 4 Euclidean dimensions. In = 4 supergravity coupled to 
matter, X is a linear combination of such an instantonic charge and an ordi- 
nary electric charge. The massless representations have vanishing central charges 
W"'^ — and are supermultiplets with 2^ states fitting into representations of the 
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little group 5*0(3) x Sp{n); a list of supcrgravity and supermattcr representations 
with < 8 is given in [1]. For example, the = 4 super- Yang- Mills multiplet 
decomposes into the following representations of SO {3) x Sp{2): 



and there is a variant N — A super- Yang-Mills multiplet, the Sp{2) super- Yang- 
Mills multiplet, with the following structure: 



in which the vector fields are in a 10 of the R-symmetry group Sp{2) ~ Spin{5). 
The N — S supergravity multiplet decomposes into the 5*0 (3) x 5*^(4) representa- 
tions: 



N SUGRA: 2^ = (5, 1) + (3, 27) + (1, 42) + (4, 8) + (2, 48) (6) 



The general (non-BPS) massive representations have dimension 4 , but there 
are shorter representations in which the central charge VF**^ ^ and the mass sat- 
urates a BPS bound. The little group for the massive representations is Spin{A) x 
Sp{n). The supercharges, which transform as a (4, n) of Spin{A, 1) x Sp{n) and sat- 
isfy the reality constraint (2), transform as a (2, 1; n)-|-(l, 2; n) under the little group 
SU{2) X SU{2) X Spin), giving the 'chiral' supercharges Q% with Q% = ±T^Q%. 

In the rest frame with = (M, 0, 0) (with signature (H )), the algebra 

(1) takes the form 



N^ASYM: 2^ = (3, 1) + (1, 5) + (2, 4) 



(4) 



(3, 10) + (1, 5) + (1, 10) + (1, 35) + (2, 4) + (2, 16) + (2, 20) 



(5) 



{Q+,Ql}^Ml2nx2n-W 
{Q-,Ql}^Mhnx2n + W 
{Q+,QI}^0 



(7) 



where W = -Q'^W. 
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It will be useful to choose a basis in which W is skew-diagonal with skew 
eigenvalues Ai, . . . , so that 

/ 1\ 

W^A^l (8) 

where A is the diagonal n x n matrix whose entries are the eigenvalues 

A = diag{Xi, ...Xn) (9) 

and the symplectic invariant is 

^ = Inxn «) I ^ ^ 1 (10) 



SO that W is diagonal 



W^A(^ ( ^ ° 1 (11) 



with eigenvalues A^, each of degeneracy two. Then the BPS bound derived from 
(7) is 

M>A, X = max\Xi\ (12) 

Note that 

K ^2j2^i^trW (13) 

i 

so that A is traceless unless K 0. If Z 7^ 0, then the central charge Z will break 
the Sp{n) symmetry to a subgroup. 

Let r-i- be the number of the eigenvalues A^ satisfying X-i = X and r_ be the 
number of Xi satisfying A^ = —A (so that r+ + r_ < n). A BPS state satisfying 
M — X will be invariant under the action of 2r+ of the 2-component supercharges 
(5+ and 2r_ of the 2-component supercharges Q-, i.e. it is invariant under 4r+ 
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positive chirality supersymmetries and 4r_ negative chirality ones. The fraction 
of supersymmetry preserved is u = (r+ + r_)/2n. Note that u < 1/2. The state 
will then fit into a representation of the supersymmetry algebra generated by the 
remaining 4p positive chirality supersymmetries and Aq negative chirality ones, 
with p = n — r-\., q — n — r-; this will be referred to as a {p, q) massive D — 5 
supermultiplet. 

One motivation for this nomenclature is so that the dimensional reduction on 
a circle of a massless representation of {p, q) supersymmetry in 5+1 dimensions 
gives a Kaluza-Klein tower of massive multiplets in 4+1 dimensions, each of which 
is a (p, q) massive D — 5 supermultiplet. (Recall that the (p, q) superalgebra in 
6 dimensions has p right-handed symplectic Major ana- Weyl supercharges and q 
left-handed ones.) The momentum in the circle direction gives the central charge 
carried by the massive multiplet on dimensional reduction. The {p, q) multiplet 
decomposes into representations of the 'little group' Spin{4) x Sp{p) x Sp{q). 

There are similar multiplets in other odd dimensions; for example, in 9 dimen- 
sions, there are (1,0), (2,0) and (1,1) massive BPS supersymmetry multiplets, such 
as those arising from the Kaluza-Klein modes of circle compactifications of (1,0), 
(2,0) and (1,1) supersymmetric theories in D — 10, respectively. The BPS states 
of type II string theory compactified to 9 dimensions were considered in [3], where 
three types of multiplets were identified, the KKA, the KKB and the intermediate 
multiplets; these are (1,1), (2,0) and (2,1) multiplets, respectively. 

The massive multiplets with N < 8 and p > q are listed in table 1. There are 
two types of 1/2 supersymmetric BPS multiplets with = 4, the (1,1) and (2,0) 
multiplets, and three types with N — 8, the (4,0), (3,1) and (2,2) multiplets. 



5 



AT 
iV 


r+ 


r_ 




v 


Or, 


u 


U 




n 
U 





u 


i 




1 /o 


A 


u 




z 




1 /9 


A 


i 


i 






A 

4 


U 


i 


('0 1 ^ 

V^! ) 


1 //I 
1/4 


D 


U 


i 




1/0 





U 


z 




1/3 


c 
D 


1 
1 


i 




1/3 


D 


U 


Q 




1 /o 
1/2 


c 
D 


1 
i 




z 




1 /o 
1/2 


S 

o 


n 


1 

1 


(A 


1 /8 
i/5 


8 





2 


(4,2) 


1/4 


8 


1 


1 


(3,3) 


1/4 


8 





3 


(4,1) 


3/8 


8 


1 


2 


(3,2) 


3/8 


8 





4 


(4,0) 


1/2 


8 


1 


3 


(3,1) 


1/2 


8 


2 


2 


(2,2) 


1/2 



Table 1 i^P^ multiplets in 5 dimensions. The (p, q) BPS multiplets for < 8 
supersymmetry in 5 dimensions with p > q are hsted. They preserve a fraction 
u of the 4A'" supersymmetries and fit into massive multiplets of the active (p, q) 
supersymmetry. 

Consider first N — A supersymmetry, with two eigenvalues Ai, A2. If Ai 7^ A2, 
then the central charge Z 7^ and breaks the Sp{2) ~ Spin{5) R-symmetry to 
Sp{l) X 5*^(1) ~ Spin{A). If for i = 1, 2, M > |Aj|, no supersymmetry is preserved 
and the multiplet is the general (2,2) massive one. If M = |Ai| > IA2I, then 1/4 
supersymmetry is preserved (i.e. 4 of the 16 supersymmetries) and the multiplet 
is (2,1) or (1,2) depending on the sign of Ai. For 1/2 supersymmetric states, 
M = |Ai| = IA2I. The (1,1) BPS multiplets have A = diag{X, —A) and so i^' = 
but the central charge is non-zero, breaking the 5*0(5) R-symmetry to 50(4), 
while the (2,0) multiplets have A = —diag{\ A) and so Z"-^ — and K — —A 
is non-zero, preserving the full 50(5). The (1,1) supersymmetric massive vector 
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multiplet has the SU{2) x SU{2) x Sp{l) x Sp{l) content 



(2, 2; 1, 1) + (1, 1; 2, 2) + (2, 1; 1, 2) + (1, 2; 2, 1) 



(14) 



while there is a (2,0) massive multiplet with the SU{2) x SU{2) x 5']9(2) content 



The massive covariant field whose physical degrees of freedom are in the (3, 1; 1) 
representation is a self-dual massive 2-form field, i.e. a 2-form gauge field B satis- 
fying the self-duality constraint 



where * is the Hodge dual and m is the mass. Such massive self-dual n-form fields 
in 2n -|- 1 dimensions occur in various supergravity theories and their compactifica- 
tions; for example, a massive self-dual 4- form occurs in the (2,0) massive multiplet 
in 9 dimensions and arises as a Kaluza-Klein mode for the self-dual 4-form of 
D = 10 IIB supergravity when compactified on a circle. Note that these massive 
vector and massive 2-form multiplets in D = 5 both have the same masslcss limit, 
which is the massless vector multiplet (4) (after dualising the massless 2-form to a 
1-form gauge field) , so that in D = 5 there are two distinct massive generalisations 
of the Yang-Mills multiplet. There are also (1,1) and (2,0) massive supergravity 
and gravitino multiplets that arise as Kaluza-Klein modes in the compactification 
of 6-dimensional supergravity theories on a circle. 

The N = A, D = b super- Yang-Mills theory with the multiplet (4) has a vector 
field Am and 5 scalars = -0^'*, VLab(j>'^^ = (a, 6 = 1, . . . , 4), all in the adjoint 
of the gauge group. The central charges in the algebra (1) are the five electric 



(3,1;1) + (1,1;5) + (2,1;4) 



(15) 



dB = m * B 



(16) 
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charges 



■ab 



(17) 



integrated over a 3-sphere at spatial infinity and the instanton charge 



K 



47r2 



(18) 



9ym 



integrated over a spatial hypersurface, where ni is the integral instanton number 
and gYM is the Yang-Mills coupling constant. The W-bosons carry electric charge 
and fit into (1,1) massive vector multiplets while the 0-brane solitons in 4+1 dimen- 
sions arising from lifting Yang-Mills instantons in 4 Euclidean dimensions carry the 
charge K and fit into (2,0) massive self-dual tensor multiplets. There is a tower of 
instantonic 0-branes with mass proportional to \ni\/ ^^"^ integers nj which 
become light in the strong coupling limit Qym ~^ oo, signalling that an extra 
dimension is opening up, with the tower of massive states interpreted as a Kaluza- 
Klein tower for a (2,0) supersymmetric theory in 6 dimensisions compactified on a 
circle [4-6]. If a finite number of (1,1) massive multiplets become massless at some 
point in moduli space, then there is an enhancement of the gauge symmetry at that 
point. If an infinite number become massless, this can signal a decompactification 
to a (1,1) supersymmetric theory in 6 dimensions. 

The little string theory in 6 dimensions with (2,0) supersymmetry [5-10] com- 
pactified on a circle of radius R has an infinite tower of momentum modes which 
are in (2,0) D=5 massive multiplets and an infinite tower of winding modes, which 
are in (1,1) multiplets. T-duality takes this to the (1,1) little string theory on 
a circle with inverse radius l1/R for which the (2,0) multiplets are now winding 
modes and the (1,1) ones are momentum modes. 

The = 8 supergravity theory in D = 5 dimensions has the multiplet structure 
(6) including 27 abelian vector fields, and the electric charges for these (suitably 
dressed with scalars) give the 27 central charges Z"-^ in (1). The charge K was 
defined in [2] and is carried by 1/2-supersymmetric solutions of the form N x'R 
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where is a self-dual gravitational instanton in 4 Euclidean dimensions [11] and 
M is time [2,12]. If is the multi-Taub NUT instanton, the solution has an 
interpretation as a multi-Kaluza-Klein monopole space [13], while if it is a multi- 
Eguchi Hansen space, the solution can be interpreted as representing a set of 
0-branes in a 5-dimensional space-time [2]. 

It is straightforward to find the decomposition of each multiplet into represen- 
tations of the httle group SU (2) x SU (2) x Sp{p) x Sp{q), using e.g. the methods of 
[1]. For the three 1/2-supersymmetric multiplets that could arise in iV = 8 super- 
gravity (i.e. which reduce to D = 4 multiplets with spins no greater than two), the 
results are as follows. The (2,2) multiplet has the SU{2) x SU{2) x 5*^(2) x 5*^(2) 



content 



(3, 3; 1, 1) + (1, 3; 5, 1) + (3, 1; 1, 5) + (1, 1; 5, 5) + (2, 2; 4, 
+ (2, 3; 4, 1) + (3, 2; 1, 4) + (2, 1; 4, 5) + (1, 2; 5, 4) 



(19) 



with 



A = diag{X, A, —A, —A) 



(20) 



so that 




(21) 



The (3,1) multiplet has the SU{2) x SU{2) x Sp{3) x Sp{l) content 



(4, 2; 1, 1) + (3, 1; 6, 2) + (1, 1; 14', 2) + (2, 2; 14, 1) 
+ (3, 2; 6, 1) + (2,1; 14, 2) + (1,2; 14', 1) 



(22) 



with 



A = diag{X, —A, —A, —A) 



(23) 



so that 



K = -4A, 




(24) 
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The (4,0) multiplet has the SU{2) x SU{2) x Sp{4) content 



(5, 1; 1) + (3, 1; 27) + (1, 1; 42) + (4, 1; 8) + (2, 1; 48) 



(25) 



with 



A = —diag{X, A, A, A) 



(26) 



so that Z = and X = -8A. 

If K = 0, the only possibihties for BPS states are those preserving 1/2 the 
supersymmetry and fitting into massive (2,2) multiplets, the 1/4 supersymmetric 
states in (3,3) supermultiplets and the 1/8 supersymmetric states in (4,3) or (3,4) 
multiplets; all the other possibilities for N — 8 that are listed in table 1, including 
3/8 supersymmetry, cannot occur with K — 0. The general BPS 0-brane or black 
hole solutions with K — were given in [14] by acting on the generating solution 
of [15] with U-duality transformations. 

A non-zero value for necessarily breaks the 5*^(4) to a subgroup. The 
instantonic solutions with Z^^ — and K ^ fit into (4,0) or (0,4) multiplets, 
and the full 5'p(4) is preserved. It is intriguing that the algebra also allows BPS 
states with both K and Z non-zero, and which would fit into multiplets with 
(4, 2), (4,1), (3, 2) or (3,1) supersymmetry. Of particular note is the unexpected 1/2 
supersymmetric (3,1) multiplet, as 1/2 supersymmetric states seem to play a special 
role in M-theory. The physics associated with these three 1/2-supersymmetric 
multiplets will be discussed in a separate publication. 
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